Starting from a generalized nonequilibrium entropy, and from an extension of the Einstein formula for the probability of the fluctuations, we obtain the second moments of nonequilibrium fluctuations of the specific energy and the heat flux in rigid heat conductors. This approach leads to nonequilibrium corrections to the usual fluctuationdissipation expressions for the heat fluctuations. The corresponding numerical corrections are found for phonon heat transport in dielectric solids and for electronic heat transport in metals. The macroscopic results share common features with those obtained for heat transport in harmonic chains by an information-theoretical approach.
I. INTRODUCTION
In the last years there has been a great interest in the description of the thermodynamic fluctuations near nonequilibrium steady states. ' Two different aspects of this problem have to be considered: the dynamical and the statistical ones.
From the dynamical point of view, one has to solve the full nonlinear equations with the corresponding boundary conditions to find the steadystate value of the macroscopic variables, and afterwards one must find the equations of motion for small fluctuations by linearizing the previous nonlinear equations. In nonequilibrium problems, the statistical part is introduced through a Langevin force added to the linearized equations for the fluctuations. It is generally assumed that this Langevin force is described by the same correlation function as in equilibrium with local values of the temperature and of the transport coefficients. In so doing, it is argued that the corresponding random forces have such short correlation times that they have a chance to probe only a small region of the system, so that they are adequately characterized by a local-equilibrium average. Starting from this prescription for the Langevin forces, one can obtain from the dynamical stochastic equations the corresponding nonequilibrium corrections to the classical formulas for the thermodynamic fluctuations.
The purpose of this paper is to provide a phenomenological analysis of the purely statistical part of the problem of nonequilibrium fluctuations, where the nonvanishing relaxation time of the Langevin forces is taken into account. In spite of its usual smallness, this relaxation time influences the whole thermodynamic framework: it modifies the usual definition of the nonequilibrium entropy, enters into the constitutive equations, and gives nonequilibrium corrections in the correlation function of the Langevin forces. For the sake of simplicity, we specify our analysis to the case of thermal fluctuations in rigid heat conductors, where the Langevin forces are usually identified as the divergence of a fluctuating heat flux. In this way, we obtain some nonequilibrium corrections to the usual Landau-Lifshitz formulas for the second moments of the fluctuating heat flux. Our analysis is based on a generalized nonequilibrium entropy, which depends on the classical thermodynamic variables, as well on the dissipative fluxes, in the framework of extended irreversible thermodynam- 10, 11 In Sec. II, we present a brief summary of extended irreversible thermodynamics and of its relation to equilibrium fluctuations. In Sec. III, we extend our previous calculations and we obtain the second moments of the nonequilibrium fluctuations. In Sec. IV, we apply these general results to heat fluctuations in dielectric materials, by con. -sidering the phonon heat conduction in one, two, and three dimensions, and in metals, where we deal with electronic heat conduction. In Sec. V, we compare our results with an exact model The secondsound phenomenon brings an incompatibility with the definite positive character of the classical instantaneous entropy production, since it implies that, at some stages, the heat must flow from cold to hot regions in order to sustain the thermal wave. Our purpose has been to construct an extended irreversible thermodynamics based on a generalized entropy, compatible with the above-mentioned experimental facts. It is assumed that the dependence of the generalized entropy on the dissipative fluxes as well as on the classical thermodynamic variables may be expressed through a generalized Gibbs equation. This theory differs from the classical irreversible thermodynamics since in the latter theory the entropy depends only on the classical variables and the Gibbs equation retains locally its usual equilibrium form. ' It also differs from the entropy-free theories of thermodynamics, since these avoid the use of an entropy in nonequilibrium. ' Finally, though the so-called rational thermodynamics' also uses a nonequilibrium entropy, it has many important differences with the forrnalism presented here. In rational thermodynamics, one assumes the existence of a nonequilibrium entropy and a nonequilibrium temperature as primitive variables, no matter how far from equilibrium. These entropy and temperature are assumed to have the property of satisfying the ClausiusDuhem inequality for all imaginable processes.
Though it is not sure that this nonequilibrium temperature is given by any physical thermometer, it is taken as a fundamental variable of the theory. As a consequence of the restriction of the ClausiusDuhern inequality, one obtains the constitutive equations as well as a generalized Gibbs equation which, in contrast to the present development, plays no essential role in the theory. In the present formalism, the entropy and the temperature are the local equilibrium ones, which have a well-defined meaning, both theoretically and experimentally, plus some corrections depending on the dissipative fluxes, which can in turn be identified in terms of physical parameters. In principle, therefore, our theory is not valid arbitrarily far from equilibrium, in contrast with rational thermodynamics, which is claimed to be valid even in this situation. It is therefore of interest to study the consequences of (2.10) in the description of the thermodynamic fluctuations. For an isolated system in equilibrium, the probability of the fluctuations is given by the Boltzrnann-Einstein relation W-exp(AS/k), where k is the Boltzmann constant. If the system is not isolated, but it is at constant temperature, constant pressure, and so on, the expression for the probability distribution function of the fluctuations is more general. As in the classical theory, we assume that the probability of the fluctuations at constant temperature and con- 
A. Heat fluctuations in dielectric solids
In the usual elementary kinetic method and in the relaxation-time approximation, the thermal conductivity is given by k = ( 1/d )pcc o~, (4.4) where c is the specific heat per unit mass, co an average velocity, and~a mean collision time. In the case of phonon transport, and in the Debye approximation, the phonon specific heat is well known and co is related to the linear phonon dispersion relation co=cok, with co the angular frequency and k the wave vector of the phonons. When this results is introduced into (4 1) - (4 3) and using the mean free path l defined as l =cp~, the following results are obtained:
( 4.7) (4.8) (4.9)
In particular, the formula (4.8) gives the nonequilibrium correction to the usual Landau-Lifshitz expression (2.18) at low temperatures, where they may have more significance.
Note also that the expressions (3.3) - (3.5) 
where co is the angular frequency of the perturbation and n the electronic density. This expression is precisely the Fourier image of (2.7) and shows the equality of the relaxation time of (2.7) and the mean collision time of (4.4). Therefore, we may obtain from this microscopic expression the following values for the derivatives of the parameter a:
B. Heat fluctuations in metals
Another rigid heat-conducting system of practical significance and with a well-studied microscopic model is provided by solid metals. In a metal at room temperature, a big fraction of the heat flux is carried by electrons, and the lattice phonon transport becomes negligible. In this case, the thermal conductivity is given by (4.4) with cp --vF, the Fermi velocity of the electrons in the metal, and e is the electronic specific heat per unit mass, given by c =(~/2)(k T/meF), (4.12) with eF the Fermi energy and m the electron mass.
As in the case of phonon transport at low ternperatures, it can be shown that the relaxation time of Eq. when the sample is exposed to an electric field. '
In this case, the results obtained by this method are qualitatively similar to some microscopic estimates obtained through nonequilibrium diagrammatic expansions, if one neglects, in a first approximation, the heating effect, which produces some divergences in the diagrammatic method. '"
V. COMPARISON WITH EXACT RESULTS
Up to now, we have dealt with a hypothesis which is well justified in equilibrium but which (4.17) where I' is the mean free path defined by l'=vF~.
In this case, (3.3) - (3.5) 
In the model of Miller and Larson, c0 --1 and the nearest neighbor distance a is a = 1; therefore pu, the energy per unit length, in one dimension can be identified with e, the energy per particle, since there is a particle per unit length. Concerning the numerical factor in (5.9), it reduces to unity when one considers, as Miller and Larson, a onedimensional chain in the high-temperature limit, in which the specific heat is a constant. In this case, however, one cannot assure that the relaxation times in (2.7) and in (4.4) may be identified, and therefore, the numerical coefficients of (5.8) and (5.9) cannot be reliably compared. One can observe, however, the close parallelism of (5.8) 
